The paper is devoted to elaboration of a novel specific indicator based on the modified Holder exponents. This indicator has been used for forecasting critical points of financial time series and crashes of the USA stock market. The proposed approach is based on the hypothesis, which claims that before market critical points occur the dynamics of financial time series radically changes, namely time series become smoother. The approach has been tested on the stylized data and real USA stock market data. It has been shown that it is possible to forecast such critical points of financial time series as large upward and downward movements and trend changes. On this basis a new trading strategy has been elaborated and tested.
INTRODUCTION
Extraordinary or extreme events, which are typical for many natural and social systems belong to the so-called complex systems processes. One of the examples of such complex systems is financial market and crashes on the market are treated as extreme events. The crash on financial market is defined as noticeable decline of indexes or even separate stocks quotations in short period of time. The noticeable decline is interpreted as the price change expressed in , where the threshold value % K K is specific for various financial instruments and even for different time intervals. For example for DJIA (Dow Jones Industrial Average) index, which is considered in section 4.2 the value of K can be accepted on the level 9% in three days. As it well known the extreme events in financial markets are very interesting for both academic researchers and investors. According to the till now prevailing paradigm the market is highly efficient, i.e. obeys the Efficiency Market Hypothesis [1] . It means that only exogenous information can be the cause of the market critical phenomena or crashes. In reality, however even very accurate study of the underlying conditions of market crashes gives no well-defined conclusion concerning what definitely provokes the crash. In that way the Efficiency Market Hypothesis and consequently any linear theory exhibits its inefficiency in market crashes analysis.
Today in the field of econophysics there are a lot of quantitative approaches mostly based on the nonlinear market behavior concept aimed to analyze and model the financial instruments dynamics. Among these approaches fractal and multifracial ones [2] [3] [4] [5] [6] plays the essential role. As it has been mentioned in [7] [8] [9] [10] [11] , these approaches are very often used in market crashes predictions. Among the known multifracial techniques the special role belongs to approaches based on the study of local regularity of financial time series. Usually in order to study the local regularity various special indicators are constructed. For instance, in [12] to forecast crisis on the Brazilian stock market the Hurst exponents for Ibovespa index of the Sao Paulo Stock Exchange have been constructed. In [13] for the 1987 crash of the USA stock market prediction the pointwise Holder exponents have been used. In the paper [14] authors used the local Holder exponents for the critical events analysis of the USA stock market and currency market. One should note the research group "Groupe Fractales" (www.inria.fr), which for the first time established the idea to use the Holder exponents for detection of market crashes.
The main goal of the present paper is to elaborate on the basis of multifracial technique a novel indicator for predicting critical points of financial time series. Here the critical points are treated as trends change points, crashes or just noticeable upward and downward price changes. For the prediction of such critical points there has been elaborated a numerical algorithm for calculating the local regularity of time series. This algorithm is based on the elaboration of the novel indicatormodified Holder exponent. Forecasting by means of this indicator is based on the conjecture that before the critical event the intrinsic dynamics of financial time series radically changes. Namely, the time series becomes in some sense more regular. Qualitatively one can explain this phenomenon as universal reduction of investments horizons before approaching a critical point. In other words, traders with long investment horizons try to reduce them as much as possible in order to have time to close their position before the market crash will take place. Ultimately, it leads to the shrinking of the horizons spectrum and as a consequence to increasing the time series regularity. Thus calculating the regularity of the given financial time series at the present moment one can make an assumption about possible critical points in the future.
MULTIFRACTAL ANALYSIS
Multifractal analysis [15] is relatively recent mathematical field of study. Due to its universality, this approach is effectively used not only in the field of mathematics or physics. There are many branches of science such as linguistics, medicine, informatics etc, where the multifractal analysis is also very successful. In particular, it can be used in data mining of financial data. The numerous studies (see, e.g. [2, 3, 6] ) have shown that financial time series possess the mulifractal properties and hence the modified Holder exponents can be calculated. In the present paper the temporal dynamics of the modified Holder exponents is the basis of proposed forecasting technique of the large market movements.
Fractal dimension
In the definition of fractals, the main idea by Mandelbrot [16] has been related with the notion of selfsemilarity. In other words fractals are scale invariant objects. This scale invariance may be exact or statistical. It can be shown [16] that for fractals objects the following relation is valid:
is the number of cubes of the size ε which form the covering of the set in question. The quantity is called the fractal dimension of the set. The power law dependence above leads to the scale invariance. The fractal set which is characterized by the unique universal parameter is called as monofractal [15] . One can define multifractal set as not uniform fractal object. It is obviously that for the whole description of multifractals it is insufficient to use the box-counting dimension . It s necessary to introduce [15] the infinite number of the so-called generalized fractal dimensions (see, Section 2.2). Multifractal mathematical formalism exists in several versions [15] [16] [17] [18] . Two approaches are briefly described below.
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Generalized fractal dimensions
As in the case of fractal dimension definition let us use the box-counting method [15] . Suppose that the set in question is covered by cubes of size ε and to each cube one can assign the quantity ) (ε is the ratio of number of points in the cube with the number to the whole number of points in the set. So masses can be treated as probabilities that the point belongs to the given cube and describe relative occupancy of cubes from the covering. In case of homogeneous fractal, all cubes from the covering will contain the same number of points and hence all cubes will have the same relative occupancy. For continuum sets and multifractal measures the "masses" 
The scaling function is defined by the relation:
In terms of these quantities, the generalized fractal dimensions are introduced by the equation [19] :
It can be shown [18] , that if for the given set the generalized fractal dimensions do not depend on , then the set is monofractal. The scaling function
for monofractal is obviously linear.
Multifractal spectrum: Legendre transforms
Sometimes it is more convenient to use variables which are different from and , but are closely related with the latter. Namely let us introduce the spectrum of multifractal dimensions [19] , that the quantity ) (α f is equal in fact to the Hausdorff dimension of some homogeneous fractal subset which gives the principal contribution into the statistical sum at the given . Since the fractal dimension of subset is always equal or less then the fractal dimension of the whole set it leads to inequality
One can also show [15] , that the function ) (α f is convex for any multifractal set. The spectrum of multifractal dimensions ) (α f is called also as the Legendre spectrum.
There is another approach [17, 18] to the spectrum of multifractal dimensions definition. Namely, consider a measure, which is distributed on the interval in arbitrary manner. Let us divide the support of the measure into equal boxes of the size Namely, the probability to find that ( )
Here is the total number of boxes covering the support of the measure and is the topological dimension of the measure support. Thus, the pair
, α α g f describes the structure of an arbitrary measure. If the measure is multifractal, then its spectrum
is a convex curve.
THE HOLDER EXPONENTS DEFINITION AND CALCULATIONS
As it was mentioned above, there are several approaches to the Holder exponents definition. One of these approaches is based on generalized fractal dimensions definition. Then by means of Legendre transform, one can define the local Holder exponents [15] . Another approach uses the notion of fractal measure and defines on this basis the coarse-grained Holder exponents of the measure singularities [17] . In the present paper, the approach to the definition of the Holder exponents is based on the introduction of so-called Holder semi-norm. In more details, this approach is described below. 
The quantity
is called the Holder α -semi-norm of the bounded function defined on the set E . 
The behavior of C β depending on β is shown in Fig. 1 by the dotted line. From the definition of C β it follows that there is a unique value of β , such that
and such β coincides with the Holder exponent α . This property gives the algorithm of the Holder exponent α calculations. In accordance with equation (1) Further the value of the coefficient β , which satisfies the condition (2) is chosen. This value of β is the required Holder exponent α . It is obvious that numerical realization of the algorithm described above is embarrassed by difficulties connected with the control of the right hand side of condition (2) . The numerical realization of the algorithm for time series is described below. Let variable t takes the discrete values from the interval [0,1]:
. be the value of function at points . In that way one obtains the discrete time series .
For the algorithm realization, it is also necessary to define the increment of the parameter . In the discrete case, the equation (1) takes the form:
One has to study the behavior of 
where P is a polynomial of order not greater then α .
It is well known [22] , that for the generalized Weierstrass function the Holder exponent α at the point t has the form for any . In Fig. 3 
The generalized Weierstrass function at 
Prediction of critical points in stocks quotations
Here the critical points are treated as trends change, crashes and sharp quotations increasing. The prediction is realized by allocation of the time intervals where MPHE demonstrate sharp increasing or in other words the bursts. In order to single out the significant bursts the so-called "signal line" is used. The signal line is calculated as the sum of average of MPHE in previous to time period and standard deviations in the same time period. Namely: Fig. 4 ) which have been determined using the small part of 1650 daily observations. As the result the most of the MPHE local maxima coincide with the local extremes of the time series or precede the time series large movements (not less then 20%). In that way after the most MPHE signals one of the predicted events occurs: trend change, large take-off or decline. The prediction for different events takes place in average 1-2 months prior to the event beginning, i.e. the MPHE indicator crosses the signal line in average 20-40 days prior to the critical event beginning. In frames of the proposed approach more exact estimations are impossible since it is very difficult to define in a formal way when the beginning of a critical event. All of these events are characterized by strong decline in short period of time (not less then 9% in three days). For these events analysis the time series consisted from the daily close prices of DJIA index was considered, the MPHE indicator and the signal line were calculated. The model parameters have been taken the same as for the General Motors stocks quotations analysis with the exception of the signal line height. The height was reduced to 1. The reduction of this parameter is determined by the fact that volatility of the DJIA index is less than volatilities of their components. Almost for all cases there is the "reliable" MPHE signal before the critical event that means that almost all events have been predicted. The prediction horizons changed within the bounds of 100 days. The "reliable" MPHE signal is treated as follows. Either MPHE signal occurs directly before the crash and continues till the crash or the MPHE signal continues till the point of trend change which foregoes a crash. There are also the MPHE signals which occur in due time before the crash and continue right up till the crash. Only in the case of the August 1998 crash there is no "reliable" MPHE signal, but the situation is very similar to the successfully predicted the May 1940 crash. 
Stock market crashes prediction
In order to improve the prediction quality of the market critical points in whole it is proposed to elaborate an indicator not for the market index but for the financial instruments from which it is composed. Let us introduce the so-called "joint modified 
A trading strategy based on JMPHE and VIX
Using the JMPHE indicator for the market behavior predictions and volatility index VIX (http://www.cboe.com/micro/vix/VIXoptionsQRG.pdf ) a novel trading strategy has been elaborated. In frames of the strategy the JMPHE indicator is used for large movements prediction and hence for the choice of the proper time for the investment decision making. Since the JMPHE indicator does not determine the direction of the market movement the index VIX was used for the solution of this problem. Elaborated by CBOE the VIX index is calculated on the basis of "out-the-money" options on the S&P 500 index and gives the possibility to determine the direction of future market movement (see Fig. 8 
. 1 = k
The proposed trading strategy has been tested in the period from February 25, 1999 till September15, 2005. The first trading day when all strategy conditions for opening position were satisfied occurs on July 7, 2000. Altogether the market positions were opened and closed 6 times during the testing period. The triaging was realized with the reinvestment of the strategy profits (see Fig. 9 where the strategy capital behavior and dynamics of S&P500 index are shown). The commission was not taken into account. September 15, 2005 was the last trading day. In total during 5 years and 2 months the gross profit of the strategy constituted 156%. The maximal capital drawdown was equal to 8%. It is much better than -15% as market profitability during testing period and 49% as maximal drawdown. Here the market profitability is treated as the profitability of the "buy&hold" strategy. Capital of the strategy based on the combination of MPHE indicator and VIX index (heavy line). The behavior of S&P500 index (thin line).
SUMMARY
A novel approach to the modified Holder exponents definition and numerical algorithm for their calculation have been elaborated. By means of the proposed approach it is possible to calculate the pointwise Holder exponents for discrete time series. This method has been tested on the stylized data. It has been shown that the calculated and theoretical results are in fair agreement.
The well known hypothesis [12] [13] [14] concerning the regularity increasing of financial time series before market critical events has been numerically verified. The proposed approach differs from one elaborated by the Groupe Fractales and realized in Fraclab package. In contrast to the local Holder exponents calculations which are realized in Fraclab our calculations used only the points of time series lying to the left of the present time point. It means that the elaborated MPHE and JMPHE indicators can be used as predictors since they do not use the information from the future.
It has been shown that the proposed approach is efficient in the real world applications, namely for the 30 financial time series from DJIA index. By means of MPHE and JMPHE indicators the critical points in General Motors stocks quotations in the period 1999-2005 years as well as most crashes in DJIA index during last 70 years have been predicted. On the basis of joint modified pointwise Holder exponents constructed for the "blue chips" of the USA stock market the flexible forecasting system for prediction of the critical events and crashes in the USA stock market has been elaborated. The testing of this system in the period 1999-2005 showed that for different values of the parameters it gives from 1 to 10 signals before the most significant critical events in this market. When the parameters values are varied there remained only one signal before the September 2001 crash which was the most significant event in the tested period. It should be noted that the signal appearance before the September 11, 2001 crash indicates that the market already contained precursors of crash and the act of terrorism at September 11, 2001 was just a trigger for the crash followed.
On the basis of the market critical points predictions and their combination with the VIX indicator there has been elaborated the trading strategy with profitability more than 150% in 5 years at 8% as the maximal drawdown. The proposed trading strategy is much more profitable than the "buy&hold" strategy.
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